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Stability of Relativistic stars and the Chandrasekhar pulsation equation
Relativistic stars and LRS spacetimes

Covariant description of LRS spacetimes

Covariant gauge invariant adiabatic radial perturbations of relativistic stars
Tales of two frames: Comoving and Static (with a Sturm-Liuville digression)

Analytical and numerical solutions

Some insight into non-equilibrium relativistic thermodynamics




Relativistic Stars (RS) represent a class of matter
distributions with very high masses and small sizes such

that their gravitational field is “strong"

RSS includes dead stars, such as neutron stars and pulsars,

and more exotic objects, e.g., boson stars.

One of the most complex problems in relativistic
astrophysics is connected with the study of the

perturbations of these objects

The equations describing these perturbations were written

by Chandrasekhar and collaborators
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Describes the rad1a1 ad1abat1c perturbat1or1 of a self-grav1tat1r1g sphere of fluid as
described by an observer comoving with the matter flow ' '

~ Written in a gauge chosen in such a way that the coordmate of the background and the
perturbed spacetime so that the gauge parameter ¢ encodes the perturbatlons '- "

This equat1or1 has the structure of a strum Liuville problem

o It grves mformatlon on the stab111ty, i.e. on o, of a g1ver1 equ111br1um V1a ansatz on cf

Many exten81ons and refmements of these orlgmal equatrcns Were proposed



LRS spacetimes are spacetimes characterized by the
presence of local axes of symmetry in every point

They describe a variety of interesting cosmological and
astrophysical spacetimes (e.g., Goedel Universes, Bianchi
models, Schwarzschild black holes, etc.)

They can also be employed to model the spacetime
associated with self-gravitating fluid distributions in and
out of equilibrium.

More specifically, the non-vortical subset of LRS
spacetimes called LRS-1I is suitable for describing non-
rotating (and slowly rotating) relativistic stars
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A very effective tool to describe LRS spacetimes is the 1+1+2 covariant approach.

e.g. in the case of spherical
symmetry
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* We single out a timelike vector u, and spacelike vector ¢,.

* The projected derivative is split accordingly:
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*Kmematlcs of the Vectors and the decompos1t1on of the Weyl tensor gwe geometry of

the spatial 2- hypersurfaces For example

* The stress-energy tensor can be written in the irreducible form

- Explo1tmg the R1CC1 and B1anch1 1dent1t1es we can then g1ve a set of evolutlon
propagatlon and Constramt equatlons for these quant1t1es -
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| The above formalism can be used to construct a covarlant gauge invariant theory of
perturbations '

We will limit ourselves here to describing this theory only in the case of LRS IT background
and to radial, i.e., monopole perturbatlons

We will also assume that the perturbation does not produce anisotropic stresses or vorticity '

- The first step is to choose a set of gauge mvarlant varlables (Stewart Walker). The most
useful ones for our case are the followmg
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- We W111 then use the 1+1+2 equatmn to der1ve evolut1on prc)pagatlon and Constramt
equatmns for these Var1ables - o . -




-~ We will consider higher order all terms that contain a non-linear combination of the
perturbation variables: mE = Higher order mp, = First order




The equations above can be written in any frame.

Two frames are especially relevant: the comoving frame and the
static frame.

The comoving frame is a Lagrangian frame, i.e., it represents an

observer that is at rest with respect to the fluid source.

In terms of the 1+1+2 variables, the comoving frame is

characterized by O = 0.

The static frame is an Eulerian frame, i.e., it represents an observer
that is at rest with respect to the center of the fluid distribution.

In terms of the 1+1 -2 variables, the static frame is characterized

i et
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* Let us consider two observers one characterized by (u, ), the other by (i, e)

connected by the general relation (generalized Lorentz transformation)

In the barred system, the 1+1+2 quantities transform as
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- Using this result we can derive the transformation of the perturbation variables, for

example,




*  We assume that the perturbed source fluid is described in its rest frame by an
equation of the state of the form ' -

» To obtain the corr esponding equations in
above -- =




and p finite in a Iléi'j .




The perturbation equations we have derived are partial differential equations and,
therefore not easy to solve ‘

* A way to overcome this problem is to expand the solution in harmonics. This
operation can be performed covariantly ‘ ‘

In our case, a generic scalar perturbation variable y can be written as




e the Strum Liuville one...

is associated with an eigenvalue pro = '

: )
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Suppose that:

. the equilibrium fluid verifies the weak energy condition;

)

the b'ac' ground density and pressure are real analytic;

. the square of the speed of sound [’ is positive \aﬁ réail‘f*analytic
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‘but there is no reason to think that it will not be as large as the radius of the relativistic star.

eigenfrequencyd .

which relates the perturbation at the boundary to the
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solutions represented here are stable for the parameters chosen.
~ (but instability could be determined without problems)
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Using harmonic decomposition and adopting r as radial parameter
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is positive and real analytic




sing the background equations it is possible to write

And the solutions of the perturbation system can be written as




The equations that describe the perturbations are much simpler!

. Also in this case can easily a lower bound for the eigenvalues
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The results above are analytical but require a particularly regular background.

This is not the case for more realistic models of relativistic stars.

The new perturbation equations, however, can be implemented numerically and

they are less problematic than the Chandrasekhar equation.

We can test this property by considering the Bethe-Johnson EoS (in SI units)
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- The perturbation equations in the static frame are simpler than the comoving one,
but the thermodynamics of the fluid becomes non trivial.

- In particular, the fluid acquires a matter flux given by

- Fluxes of this type are normally associated with nonadiabatic processes. Can a
change of frame change the character of a perturbative thermodynamical process?

- The an'sweris no (at first order), but it is still worth to see why.




. The thermodynam1cs of a relativistic fluid in equ111br1um is described by T b N - S .

' However the perturbed spacetrmes are not in equ111br1um

 Asweareina perturbatwe reg1me we can employ the local thermodynam1ca1

ansatz

" One Way to understand if ad1abat1c1ty is preserved by the change of frame 1 1s to
. derrve the ﬁrst law of thermodynarnlcs as seen by the statlc observer




* Given a fluid, we define the rest mass energy, the specific volume,

and the energy density

rinciple of thermodyna

+ The change in energy density due to a quasi-equilibrium thermodynamical process
‘can be written ‘ ' ' f * '




particle’ number gives




Using the relations above we can write an equation for the time evolution of the
. energy density

ere is no exchange of energy as




In spite of this re

sults, the static observer sees a convection term in her entropy flow.

Using the expression of f derived above

' As convection terms are usually written in terms of the temperature we obtain .




Chandrasekhar pulsation equation can be generalized in a form that is covariant and gauge invariant

The new pulsat1on equatrons can be written in any reference frame and do not require a trial
function to determme stability. " ’

- We have written the pulsation equations in two frames: comoving and static
In the comoving frame thermodynamics is easier but the perturbation equations are more complicated

. In the static frame the perturbatron equat1or1s are simpler, but the thermodynam1cs is more
comphcated . -

- Yet, the static frame equations are an mterestmg laboratory to work on relat1v1st1c thermodynamlcs
- out of equ111br1um *

In both frames the perturbatlon equatlons can be Solved both analytlcally (by ser1es) and numer1cally
(non—stlff system) ' e o
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