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Laboratoire de Physique Théorique, CNRS, Univ. Paris-Sud,
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!ω = 0 ⇒ ω = Ae−iωt+kx

ω = csk (cs < 1)
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propagation is along Φ = const (Also characteristics)
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kµ = →µΦ = {−ω, k} →

kµ = {ω, k}

kµ is orthogonal to Φ =const
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Introduce Nµ : Nµkµ = 0
Nµ is tangential to Φ = const i.e. Nµ is propagation vector
Nµ = {k, ω}
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ω = Ae−iωt+kx ∝ eikµxµ
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kµ is 4-momentum (pµ)
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kµ = {ω, k}, ω = csk
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null case ω = k

Monday 15 June 15

superluminal ease ω > k



Cherenkov radiation

Electromagnetic radiation emitted 
when a charged particle passes 
through a medium at a speed 
greater than the velocity of light in 
that medium
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phonons: kµ = {csk, −k}

particle: pµ =
{√

m2 + k2, −k
}
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k

Figure 1: On the left plot the cone of propagation (blue) of the perturbations of

the medium, and the momentum vector of propagation of a particle propagating at a

subsonic (dotted red), sonic (solid red) and supersonic (dashed red) speed, are shown.

The corresponding dispersion relations are depicted on the right plot. When the veloc-

ity of the particle becomes equal to the speed of phonons, Cherenkov radiation occurs.

The particle looses its energy and momentum (red solid arrow) by creating a phonon

(blue arrow).

This happens when the velocity of the particle is equal to the speed of perturbations. Note
that here we neglected the backreaction of the emitted radiation on the moving particle,
as discussed above. If the particle has the momentum states pµ1 and pµ2 before and after
it loses energy to the phonon, then the following relation holds,

pµ1 = pµ2 + kµ,

which we rewrite more conveniently as

0 = !pµ + kµ, (6)

where kµ is the momentum of the phonon and !pµ = pµ2 → pµ1 .
If the particle has even higher velocity than the phonon speed, the standard Cherenkov

radiation does not take place in 2 dimensions. This happens due to the kinematic reason:
the momentum cannot be conserved in this case, as it can be seen from Fig. 1: →!pµ

cannot be equal to the phonon momentum kµ, meaning that the process with emitting
one phonon by the Cherenkov particle is impossible, i.e. Eq. (6) cannot be satisfied.
Instead, as we discuss later, emission of two phonons is possible, although this process is
suppressed as compared to the standard Cherenkov radiation.

The kinematic constraint for the Cherenkov particle moving at the speed higher than
the speed of perturbations in 1+1 is evaded if another spatial dimension (or more) is
added. The Cherenkov process then takes place in a standard way with the presence of

4

Cherenkov Radiation (1+1)  (solid arrows)
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Figure 2: The dispersion relation for the phonons of the medium, shown by the cone,

and the tangential plane to the mass surface of the massive particle, moving through the

medium at the speed higher than the speed of perturbations, in 2+1 dimensions. The

intersection of the two surfaces, shown by red lines, corresponds to the kinematically

allowed values of the momenta and energy of emitted phonons. The projection of these

lines to the {kx, ky} plane gives the direction of propagation of Cherenkov radiation,

which corresponds to the Cherenkov angle.

the Cherenkov cone of radiation [1, 2]. To find the Cherenkov cone, we need to replace
the right plot of Fig. 1 by a 3D picture where two components of the spatial part of
momentum are present, kx and ky, see Fig. 2. The dispersion relation for phonons is
represented by the cone in Fig. 2,

ω2 = c2s
(
k2
x + k2

y

)
,

while the dispersion relation for the Cherenkov particle becomes the mass surface (not
shown in Fig. 2),

ω2 = m2 + k2
x + k2

y.

We assume that a particle propagates along x direction, so the change in its momentum
is given by

!pµ = {v!px,!px,!py}, (7)

where v is the velocity of the particle and we again assumed that the particle is heavy
enough to neglect the backreaction of the emitted raditation. The vector !pµ of the
change of momentum of a moving particle is located on the surface that is tangential
to the mass surface, it corresponds to the plane in Fig. 2. The emitted phonon has the
momentum

kµ = {±cs
√

k2
x + k2

y, kx, ky} (8)
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Assume particles propagate in x−direction, the change in momentum is
∆pµ = {v∆px, ∆px, ∆py}

The emitted photons have kµ =
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}
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Figure 2: The dispersion relation for the phonons of the medium, shown by the cone,

and the tangential plane to the mass surface of the massive particle, moving through the

medium at the speed higher than the speed of perturbations, in 2+1 dimensions. The

intersection of the two surfaces, shown by red lines, corresponds to the kinematically

allowed values of the momenta and energy of emitted phonons. The projection of these

lines to the {kx, ky} plane gives the direction of propagation of Cherenkov radiation,

which corresponds to the Cherenkov angle.

the Cherenkov cone of radiation [1, 2]. To find the Cherenkov cone, we need to replace
the right plot of Fig. 1 by a 3D picture where two components of the spatial part of
momentum are present, kx and ky, see Fig. 2. The dispersion relation for phonons is
represented by the cone in Fig. 2,
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(
k2
x + k2

y

)
,

while the dispersion relation for the Cherenkov particle becomes the mass surface (not
shown in Fig. 2),

ω2 = m2 + k2
x + k2

y.

We assume that a particle propagates along x direction, so the change in its momentum
is given by

!pµ = {v!px,!px,!py}, (7)

where v is the velocity of the particle and we again assumed that the particle is heavy
enough to neglect the backreaction of the emitted raditation. The vector !pµ of the
change of momentum of a moving particle is located on the surface that is tangential
to the mass surface, it corresponds to the plane in Fig. 2. The emitted phonon has the
momentum

kµ = {±cs
√

k2
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y, kx, ky} (8)
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cos θ = kx√
k2

x + k2
y

= cs

v Cherenkov cone



Ghosts
2

We have neglected Bose enhancement from final state
occupancy, an assumption we will verify a posteriori.
Notice that this pathology exists independently of the
question of classical stability of the ghost-gravity sys-
tem, which has been considered in [5]. The existence
of this process is model independent—it requires only
the existence of a wrong sign, canonical kinetic term and
gravitational interaction for the ghosts.

φ

φ

g
γ

γ

Figure 1. Graviton-mediated decay of vacuum
into two ghosts and two photons.

An implicit excuse for even considering phantom mat-
ter at the classical level is perhaps the idea that, at long
distances, the scalar field theory is merely an effective
one, whose ultraviolet completion is well defined and re-
spects unitarity. In this way, it might be possible to have
a physical value for the cutoff in (3) which was small
enough so that the rate of decay of the vacuum is slow
on cosmological time scales. In this letter, we estimate
just how low a cutoff Λ is required for consistency with
observational constraints. This question was previously
considered in [6]; but we reach somewhat different con-
clusions, as we discuss below.

To find the density of photons which are spontaneously
produced, we evolve the phase space density of ghosts and
photons in an expanding universe,

d

dt

(

a3 n
)

= a3 Γ , (4)

where a(t) is the scale factor and Γ = Γ0→2γ2φ. The
solution is

n(t) = Γ

{ t
3p+1

, a(t) → tp

H−1(1 − e−3Ht), a(t) → eHt . (5)

That is, the current number density is approximately
given by the production rate per spacetime volume, Γ,
times the age of the universe. Most of the photon pairs
have been produced since redshift z = 1, both because
there has been more time since z = 1 than before then,
and because the density produced earlier was diluted by
the expansion of the universe. This also means that their
energy spectrum is not very different from the energy
spectrum produced today; the spectrum peaks at E → Λ.
Therefore we find,

dn

dE
→ Λ7M−4

p t0 for E <→ Λ . (6)

This spectrum of photons with energy near Λ is con-
strained by observations of the diffuse gamma ray back-
ground. EGRET [7] has measured the differential photon
flux to be

dF

dE
= 7.3 × 10−9

(

E

E0

)

−2.1
(

cm2 s sr MeV
)

−1
, (7)

where E0 = 451 MeV. Demanding that (6) not exceed
(7) gives the upper limit

Λ <→ 3 MeV . (8)

Since the observed gamma ray spectrum involves a mean
particle occupancy which is orders of magnitude less than
1, neglect of Bose stimulation was entirely justified.

We emphasize that this bound depends only upon the
ghost having at least a minimal coupling to gravity. The
possible presence of other couplings can only strengthen
the result. Nor does it depend on whether the ghost has a
potential, so long as its mass is less than Λ. In models of
phantom cosmology, the mass is taken to be of order the
present Hubble scale, 10−33 eV, so this is not restrictive.

The process 0 → 2ω2φ is not the only allowed one;
we can consider also the production of neutrinos and of
e+e− pairs. The neutrinos are hard to observe, so no
good constraint arises there. The e+e− constraint may
be more fruitful, but the existence of galactic and Earth
magnetic fields makes it somewhat more difficult to relate
an incident e+ flux to the extragalactic density. However,
a sufficiently dense intergalactic e+e− plasma would lead
to excessive rescattering of the cosmic microwave sky.
This leads to the constraint Λ <→ 40 MeV, still weaker
than (8).

Let us compare our bound (8) to those which were ob-
tained in ref. [6]. There it was argued that one can con-
strain Λ < 10−3 eV by considering the process φ → g φφ,
where g is a graviton. This bound is incorrect, how-
ever. First of all, it arose by considering the “decay”
rate of a ghost at rest, and insisting that this be longer
than the Hubble time to prevent the exponential run-
away generation of ghosts. But the produced ghosts
typically carry energies → Λ, so their decay rates are
strongly time dilated. Demanding only that the time di-
lated decay rate be less than 1/t0 gives Λ < 50 MeV.
Second, the constraint arose by considering an interac-
tion Leff = φgµν∂µφ∂νφ. Not only is this interaction
model dependent; it is actually an artifact of a noncanon-
ical normalization of the φ field kinetic term, and can be
removed by a field redefinition. Therefore, the proposed
decay mechanism does not actually work. Diagrammati-
cally, this is because the total amplitude is zero, as shown
in figure 2. The naive contribution from the contact term
is canceled by the three other diagrams, built from the
φηµν∂µφ∂νφ vertex contained in the interaction, and the
gµν∂µφ∂νφ vertex from the standard kinetic term. Thus
the rate for φ → gφφ is zero. Ref. [6] then proceeds to
obtain the bound Λ < 100 MeV by requiring the decay
φ → 2g 3φ to be slower than the present Hubble rate. But



Ghosts
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Lφ = −1
2∂µφ∂

µ
φ − m

2

2 φ
2 = 1

2 φ̇
2 − 1

2(#∇φ)2 − m
2
φ

2

2

Canonical momentum p = ∂Lφ

∂φ̇
= φ̇

Hamiltonian

H = pφ̇ − Lφ = 1
2 φ̇

2 + 1
2(∇̂φ) + m

2
φ

2

2
H ! 0, bounded from below
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Lghost = 1
2 ∂µχ∂

µ
χ = − 1

2 χ̇
2 + 1

2 (∇χ)2

Hghost = − 1
2 χ̇

2 − 1
2 (∇̄χ)2 ≤ 0 unbounded from below

• Ltotal = Lφ + Lghost + gφ
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Consider a scalar with opposite sign

highest I dµXd X 1 4 115 72
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from below
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vacuum decay

standard problem of ghosts
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Standard problem of ghosts



Instability of black holes in scalar-tensor theories?
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Perturbations of black holes in Horndeski theory (scalar-tensor theory of
gravity) with time-dependent scalar field:

✦Hamiltonian of perturbations (spherical symmetry):
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C. Stability conditions

To simplify the equations, let us suppress the l-
dependent factor in Eq. (34), which is unimportant for
the stability, and consider the Lagrangian density,

L̃ =
1

2

√
B

A

{
b1χ̇

2 − b2χ
′2 + b3χ̇χ

′ − [l(l+ 1)b4 + V ]χ2
}
.

(39)

One can define the conjugate momentum as π = ∂L̃/∂χ̇,
and then the Hamiltonian is given by

H =
1

2

∫
dr

√
B

A

{
1

b1

(√
A

B
π −

1

2
b3χ

′

)2

+ b2χ
′2 + [l(l + 1)b4 + V ]χ2

}

. (40)

In order for the first and second terms to be positive, it
is required that

b1 > 0, b2 > 0. (41)

Those ensure the positivity of the kinetic and radial gra-
dient energies, respectively. To avoid instabilities of large
l modes,

b4 > 0 (42)

is required as well. Those three conditions are equivalent
to

F > 0, G > 0, H > 0. (43)

Equation (43) can be used for any black hole solutions
with linearly time-dependent scalar hair in a sufficiently
wide subclass of the Horndeski theory (1) and thus gen-
eralizes the result of [31].

D. Dipole perturbation

The procedure to derive the quadratic action (34) for
the master variable is not well-defined for the l = 1 modes
since division by (l − 1) is involved in the intermediate
computations. This necessitates doing the perturbation
analysis for the dipole modes separately, which is the pur-
pose of this subsection. To this end, we start with the
action (21). This is nothing but the action expanded
to second order in terms of the original perturbation
variables and is valid even for the dipole modes. Plug-
ging l = 1 into the background-dependent coefficients
ai (i = 1, · · · , 4), we find a2 and a4 become zero and end
up with

3

2π
L(2) =

2

r2
(ra3)

′h2
0 + a3

(
ḣ2
1 − 2h′

0ḣ1 + h′2
0 +

4h0ḣ1

r

)
,

(44)

where a3 = H
√
B/A. As is the case in the higher multi-

pole modes, the quadratic Lagrangian becomes zero when
H = 0, which signals the strong coupling of the system.
In the below, we assume H ̸= 0. Contrary to the higher
multipole modes, the angular components of the metric
perturbation automatically vanish for the dipole modes
and the above Lagrangian is valid in any gauge [30]. In-
deed, we can explicitly verify the invariance of the La-
grangian (up to the total derivative) under the gauge
transformation,

h0 → h0 + Λ̇, h1 → h1 + Λ′ −
2

r
Λ, (45)

where Λ(t, r) is an arbitrary function specifying the gauge
transformation for the angular coordinates. By using this
gauge degree of freedom, we can always choose a gauge
for which h1 = 0. We impose this gauge condition after
we obtain the Euler-Lagrange equations for h0 and h1.
There is still a gauge degree of freedom for Λ such that
Λ = C(t)r2, where C(t) is an arbitrary function of t.
This residual gauge is used later to eliminate the gauge
mode appearing in h0.
The Euler-Lagrange equations for h0 and h1 take the

forms of

ḣ′
0 −

2

r
ḣ0 = 0, (46)

a3h
′′
0 + a′3h

′
0 −

2(ra3)′

r2
h0 = 0. (47)

Clearly, these equations look exactly the same as those
in the case of the time independent scalar field (q = 0)
derived in [31]. Dependence of the second equation on
q is only through X contained in H. As a result, the
solution takes exactly the same form as the one given
in [31], which is given as

h0 =
3Jr2

4π

∫ r dr̄

r̄4H

√
A

B
+ C̃(t)r2, (48)

where J is an integration constant, and C̃(t) is an ar-
bitrary function of t. As mentioned before, the second
term is a gauge mode and can be removed by setting
Λ = −

∫ t
C̃(t′)dt′r2. The first term cannot be eliminated

by any gauge transformation. Physically, this represents
a metric of the slowly rotating black hole, that is, metric
to first order in its angular momentum J . For a class of
solutions with F (X) = 0 discussed in Sec. II B 1, both X
and A/B are independent of r. Then, we have

h0 = −
J

4πH(X)r
, (49)

where X here is a solution of F (X) = 0. The metric h0

takes exactly the same form as the Kerr metric expanded
up to first order in the angular momentum. This result
is consistent with a recent study [39] in which it is shown
by a different approach that the metric around a slowly
rotating black hole is identical to that in general relativity
for a wide class of shift-symmetric Horndeski theories.

Boundedness from below

For interesting black hole solutions in the vicinity of the BH horizon,
either        or        is negative  ⇒  instability (?)b1 b2

H � 1

b1

�
� � 1

2
b3�

�
�2

+ b2�
�2



Does unbounded from below Hamiltonian
necessarily imply instability?

NO

Hamiltonian vs instability
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When total Hamiltonian density is bounded by below, then the lowest 
energy state is necessarily stable.

Monday 15 June 15

Inverse is not true: A Hamiltonian density which is unbounded from 
below does not always imply instability (contrary to common lore). 
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Sometimes the unbounded Hamiltonian appears due to the “bad” 
choice of coordinate

The Hamiltonian is not a scalar with 
respect to coordinate transformations

Stability vs Hamiltonian



GHOSTS by boosts
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FIG. 1: Possible relative orientations of two causal cones, in a coordinate system such that the grey
cone with solid lines appears at ±45�. We do not plot the equivalent configurations exchanging
left and right, and do not consider the limiting cases where some characteristics coincide. The
first row (a)–(d) are safe cases in which the two metrics can be diagonalized simultaneously by an
appropriate choice of coordinates — corresponding then to panels (b) or (c). Although the kinetic
contribution to their Hamiltonian density is unbounded by below in cases (a) and (d), it is positive
in (b) and (c). The second row (e)–(h) are again safe cases, for which the kinetic contribution to
the Hamiltonian density can be proven to be positive in an appropriate coordinate system, actually
corresponding to case (e), but the two metrics cannot be simultaneously diagonalizeda. The third
row (i)–(l) are unstable cases, for which the two metrics can be simultaneously diagonalized as in
(j) and (k), but they have then opposite signatures in this (t, x) subspace. Their total Hamiltonian
density remains unbounded by below in all coordinate systems.

aLet us recall that two quadratic forms can always be simultaneously diagonalized if at least one of them

is positive (or negative) definite. Here both of our metrics have hyperbolic signature, and this is the reason

why the non-simultaneously diagonalizable cases (e)–(h) are possible.
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Figure 3: Three di!erent mutual configurations of cones are shown. On the left plot

the cones have a common Cauchy surface as well as common time, therefore there is

no vacuum decay. On the right plot the cones do not have a common time, therefore

the energy of the system of two fields is not positive definite, so that vacuum decay is

possible. The middle plot is the marginal case, when the cones just touch each others

from outside. In this case the vacuum decay just becomes possible.

the vacuum decay may become possible. Indeed, one may expect creation of particle
with positive energy and a particle of negative energy from nothing, thus the vacuum
destabilises, provided that the process is kinematically allowed. Therefore a solution,
corresponding to the case of the right panel of Fig. 3 should su!er from instability.

Here we discuss the instability of such a system suggested in [13] and consider in detail
creation of a pair of particles with kinematics of the process taken into account. We also
relate this process of vacuum decay the Cherenkov radiation described in the previous
section.

Let us first consider the marginal case when the two cones touch, in 1+1 dimensions,
the situation depicted in the middle plot of Fig. 3. In order to check whether the vacuum
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Figure 4: The dispersion relations corresponding to the situations depicted in Fig. 3.

On the left figure, the energy of the red particle can be negative, however, the vacuum

decay is kinematically forbidden. On the right plot the vacuum decay is possible. The

middle plot is the marginal case, when the vacuum decay starts.
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Figure 2: The dispersion relation for the phonons of the medium, shown by the cone,

and the tangential plane to the mass surface of the massive particle, moving through the

medium at the speed higher than the speed of perturbations, in 2+1 dimensions. The

intersection of the two surfaces, shown by red lines, corresponds to the kinematically

allowed values of the momenta and energy of emitted phonons. The projection of these

lines to the {kx, ky} plane gives the direction of propagation of Cherenkov radiation,

which corresponds to the Cherenkov angle.

the Cherenkov cone of radiation [1, 2]. To find the Cherenkov cone, we need to replace
the right plot of Fig. 1 by a 3D picture where two components of the spatial part of
momentum are present, kx and ky, see Fig. 2. The dispersion relation for phonons is
represented by the cone in Fig. 2,

ω2 = c2s
(
k2
x + k2

y

)
,

while the dispersion relation for the Cherenkov particle becomes the mass surface (not
shown in Fig. 2),

ω2 = m2 + k2
x + k2

y.

We assume that a particle propagates along x direction, so the change in its momentum
is given by

!pµ = {v!px,!px,!py}, (7)

where v is the velocity of the particle and we again assumed that the particle is heavy
enough to neglect the backreaction of the emitted raditation. The vector !pµ of the
change of momentum of a moving particle is located on the surface that is tangential
to the mass surface, it corresponds to the plane in Fig. 2. The emitted phonon has the
momentum

kµ = {±cs
√

k2
x + k2

y, kx, ky} (8)

5

<latexit sha1_base64="BH0S+VYITryWV0dztTDUxhTRrFY="></latexit>

kx<latexit sha1_base64="RK77EpQEfG33SaCExxUCz4AV4jI="></latexit>

ky

<latexit sha1_base64="qEefNjMjBH0oZO6a7MT9jy0/gAo="></latexit>Ê

Figure 5: The cones corresponding to the dispersion relations of the two species, a 2+1

analogue of the right plot of the Fig. 4. The particle with positive energy is represented

by the blue cone, while the ghost particle is shown by orange. The intersection of the

two cones, shown by red lines, corresponds to the kinematically allowed values of the

momenta and energy of created pairs of particles. The projection of these lines to the

{kx, ky} plane gives the direction of propagation of created particles, which is similar

to the Cherenkov cone of radiation.

decay is possible, we draw the dispersion relation corresponding to propagation of the two
cones, see Fig. 4. It is clear from the middle plot of Fig. 4, that the creation of a couple
of two particles, corresponding to two di!erent species, is possible,

0 = pµ + kµ, (12)

where kµ and pµ are the particles corresponding to the blue and red cones respectively.
Now, comparing the Cherenkov radiation, shown on the right plot of Fig. 1, and the

vacuum decay demonstrated in the middle plot of Fig. 4, we can see that kinematic pictures
of these two processes are fully equivalent. In both cases phonons with positive energy
(blue particles) are created when it becomes kinematically allowed for the negative energy
to be compensated with: in the case of Cherenkov radiation it is a di!erence between the
energies of the two states of a moving particle ”pµ, while in the case of vacuum decay it
is emergence of a ghost with wave vector pµ.

In fact this analogue goes for all the aspects of the Cherenkov radiation that we
considered in the previous section. Indeed, similar to the case of the Cherenkov radiation
in 2D, the vacuum decay involving only 2 particles — one normal particle and one ghost
— is only possible in the marginal case, when the cones touch each other from outside.
This is equivalent to the Cherenkov radiation of a particle moving with the velocity equal
to the speed of propagation of phonons, as we discussed above. When the cones are
separated, as it is shown on the right plot of Fig. 3, the vacuum decay as described above
is kinematically forbidden, similar to the case of Cherenkov radiation, when the particle
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Cherenkov vs. Ghosts

Why is Cherenkov radiation ok (physical) ?
And ghosts are dangerous
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Cherenkov process is not instantaneous due to the physical cutoff

Monday 15 June 15

Phonons cease to exist for very high energies, when the momentum
is of order of the inverse distance between atoms

Monday 15 June 15

In case of photons, the dispersion relation in medium is momentum-
dependent, i.e. cs = cs(k), so that the speed of photons grows as
k increases

Monday 15 June 15

There is no Cherenkov radiation for high energies of emitted parti-
cles



Cherenkov vs. Ghosts

Why is Cherenkov radiation ok (physical) ?
And ghosts are dangerous
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If a modified gravity theory is considered to be an EFT, then there
is a cutoff of the theory, beyond which the description in terms of
a specific modified gravity model becomes invalid
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The cutoff on the background solution determine the largest mo-
menta of created pairs of normal particles and ghosts.
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Yet another limitation for the rate of a ghost instability: The back-
ground is eventually destroyed by the creation of particles on top
of it



Conclusions
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Some ghost instabilities in modified gravity are fully analogous to
Cherenkov radiation
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These ghosts are not ”extremely” dangerous, although they do lead
to instability of a background solution
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Ghost cones — can we observe them?


